We examine the effects of the additional term of the type ∼ e −λ ′ NpNn on the recently proposed empirical formula for the lowest excitation energy of the 2 + states in even-even nuclei. This study is motivated by the fact that this term carries the favorable dependence of the valence nucleon numbers dictated by the N p N n scheme. We show explicitly that there is not any improvement in reproducing E x (2 + 1 ) by including the extra N p N n term. However, our study also reveals that the excitation energies E x (2 + 1 ), when calculated by the N p N n term alone (with the mass number A dependent term), are quite comparable to those calculated by the original empirical formula.
the lowest excitation energy of the natural parity even multipole states in even-even nuclei has been emphasized [1] . Over the past four decades, the valence nucleon numbers N p and N n have been frequently adopted in phenomenologically parameterizing various nuclear observables. It was Hamamoto who first pointed out that the square roots of the ratios of the measured and the single particle B(E2) values were proportional to the product N p N n [2] . Subsequently, it has been shown that a very simple pattern emerged when the nuclear data on the lowest excited states in the nuclei was plotted in terms of the product N p N n [3] . For example, the measured excitation energies E x (2 + 1 ) of the lowest excited 2 + states in even-even nuclei make up the scattered irregular points when they are plotted against the mass number A (A-plot). However, they become very neatly rearranged points when they are plotted against the product N p N n (N p N n -plot) [4] . A similar simplification was observed from the ratio E x (4
) [5, 6, 7] , the transition probability B(E2; 2 [8] , and the quadrupole deformation parameter e 2 [9] . This interesting phenomenon has been called the N p N n scheme in the literature. In fact, the N p N n scheme has been extensively and successfully used for more than two decades to correlate large amounts of data on the collective degrees of freedom in nuclei [10] . It has also been established that the N p N n scheme is manifested because the valence proton-neutron (p-n) interaction is the dominant controlling factor in the development of collectivity in nuclei [11, 12, 13] . In fact, most recently the measured p-n interaction distribution in even-even nuclei over the entire nuclear chart has been successfully accounted for by the nuclear density functional theory calculations [14] .
In a previous publication [15] , we proposed an empirical formula in the form of
for the excitation energy E x (2 Then we minimize the dimensionless χ 2 value which is defined in terms of the logarithmic error by
where N 0 is the number of total data points considered. The empirical formula, Eq. (1), has been found to be capable of describing the essential trends of E x (2 + 1 ) in even-even nuclei throughout the entire periodic table [15] . We have also shown that the source, which governs the 2 + 1 excitation energy dependence given by Eq. (1) on the valence nucleon numbers, is the effective particle number that participates in the residual interaction from the Fermi level [17] . In addition, it is shown that Eq. (1) complies with the requirement of the N p N n scheme, even though it does not depend explicitly on the product N p N n [4] . Furthermore, the same formula could be successfully adopted in describing the lowest excitation energy of the natural parity even multipole states up to 10 + in even-even nuclei [1] .
In spite of the fact that the above empirical formula complies well with the N p N n scheme, there still remains some possibility that the excitation energy could depend explicitly on the product N p N n as dictated by the N p N n scheme, which assumes the active contribution of the valence p-n interaction. In this work, therefore, we want to include an additional term of the type ∼ e −λ ′ NpNn (N p N n term) in Eq. (1) and to check how this term competes with other terms in reproducing the lowest 2 + excitation energy E x (2 + 1 ) in even-even nuclei. The most general form of the proposed formula with the additional N p N n term can be written as:
where the parameters β and λ in Eq. (1) are split into β p , β n , and λ p , λ n , respectively.
This takes into account the possibility that the contributions to the excitation energy E x from protons and neutrons might be different. The parameters in Eq. (4) However, when only the N p N n term is present in Eq. (4), such as in case V in Tab. I, there is a recurrence of a unique parameter set. As has been discussed in the previous publications [1, 15] , we find from Fig. 1(b) that the four-parameter empirical formula, Eq. (1), describes reasonably well the essential trends of the lowest 2 + excitation energies in even-even nuclei throughout the entire periodic table.
We also find, by comparing Figs. 1(c) and 1(d) with 1(b) , that the N p N n term added to the four-parameter empirical formula, does not have a significant influence on the overall shape of the graphs. However, we also notice that there are a few small variations brought about by the N p N n term. First of all, we find that the N p N n term can contribute either additively (as in Fig. 1(c) ) or subtractively (as in Fig. 1(d) ) to the original formula. This fact can be reconfirmed by the opposite sign of the parameter β ′ for the cases II and II ′ in Tab. I. It is of notable interest that the dashed curve in Fig. 1(c) (where the N p N n term adds to the remaining terms), follows the bottom contour line of the excitation energies, while the dashed curve in Fig. 1(d for N p = 0 or N n = 0, as a result of the fitted parameter values λ p = λ n = ∞. Consequently, an almost straight line represents the A-plots of the excitation energies E x (2 + 1 ) for N p = 0, while the excitation energies E x (2 + 1 ) for N p = N n = 0 nuclei are represented by dots above the previous straight line in Fig. 1(c) , which does not concur with the shape given by the data. This eccentric behavior occurs because, under the condition of β p = β n and λ p = λ N , the last N p N n term can play the role of both the second and third terms in Eq. (4).
By comparing case I with case II in Tab. I, we learn that, when the N p N n term is added to the four-parameter empirical formula, the χ we show the A-plots of the excitation energies E x (2 + 1 ). These are calculated by adopting the parameter set of the 6+0 parameters for Fig. 2(a) , the 6+2 1 parameters for Fig. 2(b) , and the 6+2 2 parameters for Fig. 2(c) , as given in Tab. I. The three graphs calculated by the six-parameter empirical formula in Fig. 2 are basically same as the corresponding three graphs calculated by the four-parameter counterparts in Fig. 1 except for the graph shown in Fig. 2(b) . For case IV, where the four parameters β p , β n , λ p , and λ n are separately fitted, there are suitable contributions from the second and third terms in Eq. (4) and the eccentric behavior shown in Fig. 1(c) disappears, as shown in Fig. 2(b) . Figs. 1 and 2 , it becomes apparent that the role played by the supplementary N p N n term is insignificant when it is added to the four or six parameter empirical formula. However, we present a very interesting results in Fig. 2(d) where we show the A-plot of the excitation energies E x (2 (solid triangles) and 4+2 1 (solid circles) parameter sets. In addition, the right panels of the same figure show the excitation energies E x (2 + 1 ), calculated by adopting the 2+2 (empty squares), 6+0 (empty triangles), and 6+2 1 (empty circles) parameter sets. These graphs confirm that the addition of the N p N n term has a minimal effect in both empirical formulae, Eq. (1) and Eq. (4). Furthermore, it is interesting to discover that the excitation energies calculated by the parameter sets with the additional N p N n term, are found to be more or less the same as those that were calculated by the parameter sets without the N p N n term.
By reviewing
While the differences between these graphs are small, the case with the best results is the 6+0 parameter set. Fig. 4 also shows that the results obtained by the 2+2 parameter set are very similar to those obtained by any other parameter sets, with the exception of Z = 82, which is the proton closed shell.
Finally, we plot the excitation energies E x (2 In these N p N n -plots, the excitation energies E x (2 + 1 ) are expressed by the following different symbols, according to which major shell they belong to: solid squares (Z = 2 ∼ 28); empty circles (Z = 30 ∼ 50); solid circles (Z = 52 ∼ 82); and empty squares (Z = 84 ∼ 100). We can observe from these N p N n -plots (as with the A-plots), that the overall characteristics of the data are reasonably reproduced by our empirical formula. We also find from the N p N n plots that the N p N n term added to the empirical formula does not alter the essential shape of the graph. However, we can still recognize the effect brought by the addition of the N p N n term to the empirical formula by comparing the lowest two left panels or the lowest two right panels. The width of the plotted points in the N p N n -plot becomes narrow and the plotted points which belong to the different major shells become further separated when the N p N n term is present, than when the N p N n term is absent. However, by comparing calculated results with the data shown in the top left panel of Fig. 5 , it is evident that both of these effects, caused by the additional N p N n term, deteriorate the fit to the data. Just as pointed out regarding Fig. 2 , the N p N n plot drawn by the 2+2 parameter set in Fig. 5 is very similar to the N p N n -plot drawn by any other parameter sets. Furthermore, it is identical to the N p N n -plot drawn by the 4+2 1 parameter set. This is because, as discussed previously, the second and third terms of Eq. (4) do not contribute in any way to E x (2 + 1 ), when this parameter set is adopted.
In summary, we wanted to double check any possibility that the first 2 + excitation energy could depend explicitly on the product N p N n as expected by the N p N n scheme. We, therefore, included the N p N n term of the type ∼ e −λ ′ NpNn as in Eq. (4) and investigated how this term competed with other terms in reproducing the first 2 + excitation energy E x (2 + 1 ) in even-even nuclei. In fact, we anticipated naively that if the N p N n term contributed more effectively than the separate N p and N n terms in Eq. (4), then our fitting procedure would return much smaller values for the parameters β p and β n than β ′ in Eq. (4) . But contrary to our anticipation, our results show that the role played by the N p N n term is insignificant when it is added to the former empirical formula as evidenced by the A-plots displayed in
Figs. 1 and 2. However, we also end up with an unexpected but very interesting result. The A-plot drawn by the 2+2 parameter set (calculated with only the N p N n term and the αA −γ term) is quite similar to those drawn by any other parameter set. But the result calculated by the 2+2 parameter set has the following two observational flaws. One is that it could not reproduce the excitation energies E x (2 + 1 ) in nuclei that belong to the closed proton and/or neutron major shell where N p = 0 and/or N n = 0. The other is that the N p N n -plot of the 2+2 parameter set is too narrow in order to match the N p N n -plot of the data. However, one must not forget the fact that the χ 2 value for the 2+2 parameter set is quite comparable to that for the 4+0 parameter set. In fact, it is fair to say that the present results alone could not tell which one, the N p cross N n term or the N p plus N n term, would finally represent the lowest excitation energy systematics in nuclei. A further study to clear up this situation is called for.
